We prove that Dehn filling a small link exterior with a non-degenerate boundary slope row produces a 3-manifold which is either Haken and ∂-irreducible or one of very restricted typies of reducible manifolds (Theorem 2), generalizing a result of Culler, Gordon, Luecke and Shalen in the case of a knot exterior (Theorem 1). The result provides some interesting applications on exceptional Dehn fillings (Corollaries 3 and 4) and on telling if a link is small (Corollaries 5 and 6). © 1999 Published by Elsevier Science B.V. All rights reserved.
Throughout this paper when a manifold is mentioned, it is assumed to be orientable, compact and smooth, and when a 3-manifold is mentioned, it is also assumed to be connected. By a surface we mean a 2-manifold. For a surface in a 3-manifold, it is assumed to be properly embedded unless otherwise specified. A surface in a 3-manifold is said to be essential if each component of it is incompressible and non-boundary parallel. Recall that a slope in a 2-torus T is the isotopy class of an unoriented simple closed essential curve in T . We use ∆(r, s) to denote the minimal geometric intersection number between two slopes r and s in T . Now consider an irreducible 3-manifold M whose boundary is a torus. For each slope r in ∂M, one can construct a closed 3-manifold M(r) by the so called Dehn filling operation, i.e., one attaches a solid torus V to M by a gluing homeomorphism of their boundary tori so that a curve of slope r in ∂M bounds a meridian disk of V . A slope r in the torus ∂M is called a boundary slope if there exists an essential surface F in M such that ∂F is a non-empty set of parallel essential simple closed curves in ∂M of the slope r. Concerning Dehn filling M with a boundary slope, the following important result was obtained in [2, Theorem 2.0.3].
Theorem 1. Let M be an irreducible 3-manifold M whose boundary is a torus and whose first Betti number is one. If r is a boundary slope of M, then (i) M(r) is a Haken manifold; or (ii) M(r) is a connected sum of two nontrivial lens spaces; or (iii) M contains an essential closed surface which remains essential in M(s)
whenever ∆(r, s) > 1; or (iv) M fibers over S 1 with fiber an essential planar surface having boundary slope r.
In particular, M(r) = S 2 × S 1 .
In item (i), by a Haken 3-manifold, we mean an irreducible 3-manifold which contains an essential surface. In item (ii), by a nontrivial lens space we mean a lens space which is neither S 3 nor S 2 × S 1 . In item (iv), by a planar surface, we mean a 2-sphere with punctures. We remark that one of useful consequences of Theorem 1 is that under the assumptions of Theorem 1, if M(r) is an irreducible 3-manifold which is not Haken, then M contains an essential closed surface. For instance, if M is the exterior of a knot in S 3 whose meridian slope is a boundary slope, then M contains an essential closed surface.
The purpose of this paper is to generalize the above theorem to the situation where M may have more than one torus boundary components. Let M be an irreducible 3- 
The main result of this paper is the following theorem.
Theorem 2. Let M be an irreducible 3-manifold with
(1) a Haken 3-manifold and ∂-irreducible, or (2) a connected sum of two nontrivial lens spaces (thus k = n), or (3) a connected sum of a nontrivial lens space and a solid torus (thus k = n − 1), or (4) a connected sum of two solid tori (thus k = n − 2), or
The following two corollaries of Theorem 2 are somewhat surprising. We remark that Corollary 3 is no longer true if n 3. For example, let M be the exterior of the Borromean ring in S 3 . Then M has no closed essential surfaces but Dehn filling M along any one of the three components of ∂M with the meridian slope produces a reducible manifold (here is an argument that M does not contain any closed essential surfaces). Suppose otherwise that S is a closed essential surface in M. Since the Borromean ring is an alternating link in S 3 , there is an embedded annulus in M such that the interior of A is disjoint from S and that one component of ∂A is an essential curve in S and the other component of ∂A is a meridian curve in one of the boundary components, say T 1 , of M [10] . Let M(p/q, ∅, ∅) denotes the manifold obtained by Dehn filling M along T 1 with the slope p/q, where p/q is respect to the standard meridian-longitude coordinates on T 1 such that p is the meridian coordinate and q the longitude coordinate. The symbol ∅ here denotes the empty set which means leave the corresponding torus component untouched. By [2, Theorem 2.3.4] if S is compressible in M(p/q, ∅, ∅) then q = 1 or −1. But on the other hand we have, by Rolfsen's surgery formula [12, p. 267] , that for any integer q = 0, M(1/q, ∅, ∅) is the exterior of a 2-bridge link in S 3 (see Fig. 1 Since the proof of Corollary 4 needs some notations and machinery used in the proof of Theorem 2, it will be postponed until Theorem 2 is proved.
We shall call a 3-manifold big if it is irreducible and contains a closed essential surface. In general, it is a hard problem to determine whether a torally bounded 3-manifold is big. Theorem 2 and Corollary 3 have some interesting applications on this problem. For instance, we have
Corollary 5. Let L be a non-split link in S 3 of more than three components with the property that there is a component
Proof. Since L is non-split, M is irreducible. Let T i be the torus boundary component of M corresponding to K. Then the Dehn filling M along T with the meridian slope of T gives the link exterior of L − K in S 3 and thus is a reducible 3-manifold by our assumption. Hence by Corollary 3, M must contain a closed essential surface.
In particular, any Brunnian link in S 3 of more than three components has a big exterior. As Corollary 3, Corollary 5 does not hold if n 3 (for example, the Borromean ring).
Proof. Certainly M is irreducible. Let T 1 be the torus boundary of M corresponding to K 1 and µ 1 be the meridian slope on T 1 . Then M(µ 1 ) is the exterior of K 2 ∪ K 3 in S 3 and thus is a reducible 3-manifold. Since K 2 is a nontrivial knot, M(µ 1 ) is not a connected sum of two solid tori. Note that (µ 1 ) is a non-degenerate boundary slope row of M. Hence by Theorem 2, we see that M must contain a closed essential surface.
The proof of Theorem 2 follows essentially the approach used in [2] for proving Theorem 1, making use of compression bodies and the Handle Addition Lemma (Lemma 9 below). Here is a rough outline of the proof. We start with an essential separating surface F in M realizing the non-degenerate boundary slope row (r i 1 , . . . , r i k ) and having the minimal number of boundary components. By studying the handle decompositions of certain associated submanifolds of M and of M(r i 1 , . . . , r i k ), we prove that (a) if F is a non-planar surface then Theorem 2(1) holds; (b) if F is a connected planar surface, then one of (2)-(4) of Theorem 2 holds; (c) if F is a disconnected planar surface, then Theorem 2(5) holds. Note that it follows from a result of Hatcher [5] that a torally bounded 3-manifold M with n 1 boundary tori can have only finite many length one boundary slope rows. But in general, M may have infinitely many non-degenerate boundary slope rows of length k, 1 < k n.
Example 7.
Let M be the exterior of the Whitehead link in S 3 . Then M has infinitely many non-degenerated boundary slope rows of length 2.
Proof. Let T 1 and T 2 be the two torus boundary components of M with the standard meridian-longitude coordinates. Note that M(1/n, ∅) is the exterior of the twisted knot in S 3 shown by Fig. 2 . Note that by Rolfsen's link surgery formula, the standard meridianlongitude coordinates for M(1/n, ∅) as a knot exterior in S 3 is the same meridian-longitude coordinates on T 2 of M as a link exterior in S 3 . Now according to [6] , the slope 4n when n 1 or the slope −4n − 2 when n 1, is a boundary slope of M(1/n, ∅).
By [5] , there are infinite many choices for n such that none of (1/n, ∅), (∅, 4n) and (∅, −4n − 2) are boundary slope rows of M (of length one). For such n, any incompressible surface S n in M(1/n, ∅) with the slope 4n (when n −1) or with the slope −4n − 2 (when n 1) must intersect T 1 as well. Now arrange S n by isotopy so that the number of the components of S n ∩ T 1 is minimal. Then the surface F n = M ∩ S n is essential surface in M with boundary slope row (1/n, 4n) (when n −1) or (1/n, −4n − 2) (when n 1), by standard cut-paste argument. Thus all but finitely many of the slope rows of the form (1/n, 4n) (n −1) and (1/n, −4n − 2)(n 1) are non-degenerate boundary slope rows of M of length two. Obviously each of (0, ∅) and (∅, 0) is a non-degenerate boundary slope (row) of M of length one.
Question 8.
Let M be an irreducible 3-manifold whose boundary is a set of n > 1 tori and whose interior admits a complete hyperbolic structure of finite volume. Is it true that for each k, 1 < k n, M has infinitely many non-degenerate boundary slope rows of length k? 
(Y ; c) is irreducible and σ (S; c) is incompressible in τ (Y ; c).
There are several versions of Handle Addition Lemma. The first one was due to Przytycki [11] and subsequently generalized and used in various forms in [1, 3, [7] [8] [9] 13, 14] . The version stated above is from [1] .
A compression body is a cobordism W (rel ∂) between surfaces ∂ + W and ∂ − W such that W ∼ = ∂ + W × I ∪ 2-handles ∪ 3-handles and ∂ − W has no 2-sphere components. It follows that W is irreducible and ∂ − W is incompressible in W . If Y is an irreducible 3-manifold and S ⊂ ∂Y is a surface, then there exists a maximal compression body W ⊂ Y with ∂ + W = S, which is unique up to isotopy. The inner boundary of W is S − = ∂ − W ∪ ∂S × I . Thus ∂S − = ∂S and S − is incompressible in Y (since W is maximal). Note that the 2-handles may be assumed to be disjoint.
Since M does not contain, in particular, non-separating closed surfaces, we have that By the minimality of |∂F |, F is either connected or has exactly two components each of which is non-separating. In the latter case, we may assume that F consists of two parallel copies of a non-separating surface G which has all its boundary components oriented coherently on each component of T i , i = 1, . . . , k. When F is disconnected, we denote its two parallel components by G and G . Since F is separating, it may be oriented so that Let X and X be the two components into which F separates M. So M = X ∪ F X . In the case that F is disconnected, we may assume that X is the component
. The boundary of F cuts each torus T i , i = 1, . . . , k, into 2m i annuli, m i each contained in S and S . We order all these annuli as A j , A j , j = 1, 2, . . ., m, so that
When F is connected, each of S and S has genus
where f is the genus of F . When F is disconnected, each of S and S has genus
where g is the genus of G. Note that in the latter case, each of A j (and each of A j ) connects G and G . Let J i be the solid torus attached to T i with slope r i , i = 1, . . ., k, in forming M(r 1 , . . . , r k ). Then J i can be considered as the union of 2m i 2-handles with attaching regions
Let c j be the center curve of A j and c j the center curve of A j , j = 1, . . ., m. Then
where F is a closed surface obtained by capping off the boundary components of F in T i with meridian disks of J i , i = 1, . . . , k. Note that
We first need to consider two special cases, that is, when F = G ∪ G is disconnected and G is either a disk or an annulus. If G is a disk, then M is boundary reducible. Since M is irreducible, M must be a solid torus. Thus n = k = 1 and M(r 1 ) = S 2 × S 1 , i.e., Theorem 2(5) holds. If G is an annulus, then k = 1 or 2. In case k = 1, we have m = m 1 = 2 and F ∪ A 1 is a separating annulus in M and thus must be boundary parallel by the minimality assumption on |∂F |. One can now easily see that M is a twisted interval bundle over the Klein bottle and M(r 1 ) = S 2 × S 1 . So Theorem 2(5) holds in this case. Now assume k = 2. Then m 1 = m 2 = 1 and F ∪ A 1 is a separating annulus in M and thus must be boundary parallel since the boundary slope row (r 1 , r 2 ) is non-degenerate of length 2. One can now easily see that M is a trivial interval bundle over a torus and M(r 1 , r 2 ) = S 2 × S 1 . So again Theorem 2(5) holds.
So we may assume now that G is not a disk or an annulus. Let F j = F ∪ A j ⊂ ∂X. Note that F j is connected and ∂F j = p =j ∂A p . Also note that F j is neither a 2-sphere nor an annulus. Since |∂F j | = |∂F | − 2, F j is compressible in M (since M is assumed to contain no closed essential surfaces and since F j is not an annulus) and thus is compressible in X (since F j ⊂ X and F is incompressible in M = X ∪ F X ). Let V j be a maximal compression body for F j in X. The inner boundary of V j , F Let W j be the (possibly punctured) compression body in X with ∂ + W j = S defined by
Then ∂ − W j is a closed connected surface of genus f + 1 in the case that F is connected, and of genus 2g in the case that F is disconnected. Proof. We prove this by induction on q, using the handle addition lemma. The assertion holds obviously for q = 0. So suppose that 1 q m − 1, and that the assertion holds for q − 1. Thus X q−1 is irreducible and each component of
Then S q is connected and S q − c q is incompressible in X q−1 . Certainly each of T k+1 , . . . , T n is incompressible in X q−1 . So the lemma will follow from the handle addition lemma if we can show that S q is compressible in X q−1 . To do this, let (D * q , ∂D * q ) ⊂ (X, F q ) be a disjoint union of disks such that the maximal compression body V q for F q in X can be expressed as
We claim that some component of ∂D * q is essential in We remark that if the genus of F is larger than one when it is connected or if the genus of G is larger than zero when F is disconnected, then F is also essential in M(r 1 , . . . , r k ) . A similar discussion works for X . Therefore k n − 2, and M(r 1 , . . . , r k ) is either a connected sum of two nontrivial lens spaces (when k = n) or a connected sum of a nontrivial lens space and a solid torus (when k = n − 1) or a connected sum of two solid tori (when k = n − 2). Hence the lemma holds in case (a).
Case (b): F is disconnected. We already knew that Lemma 14 holds when m 2. So suppose that m > 2. Recall that ∂ − W m is a 2-sphere in this case and thus X is a handlebody of genus m − 1 since X is irreducible. Also by Lemma Therefore X m−1 is a 3-ball and X is thus a punctured 3-ball. On the other hand X is obviously a copy of S 2 × I since X = G × I . Therefore k = n and M(r 1 , . . . , r n ) = S 2 × S 1 .
Theorem 2 is a combination of the last two lemmas.
Proof of Corollary 4. By Corollary 3, we only need to show that for any torus component T i of ∂M and for any slope r i on T i , M(r i ) is not a Seifert fibred space. Suppose otherwise that M(r i ) is a Seifert fibred space. Then since M(r i ) has at least five torus boundary components, it contains an essential torus. Since M does not contain closed essential surface, any essential torus in M(r i ) must intersect and only intersect T i . It follows that (r i ) is a non-degenerate boundary slope row of M (of length one). Now we adopt the notations used in the proof of Theorem 2. Among all essential separating surfaces in M realizing the boundary slope row (r i ), let (F, ∂F ) ⊂ (M, T i ) be one which has the minimal number of boundary components. By Lemma 14, we see that F is not a planar surface, and by Lemma 13, F is incompressible in M(r i ). Since M(r i ) is assumed to be Seifert fibred, F is isotopic to either a horizontal surface (transverse to all the fibres) or to a vertical surface (consisting of fibres). But as M(r i ) has non-empty boundary, the closed surface F cannot be isotopic to a horizontal surface. So F is vertical and thus is an incompressible torus. Hence F has genus one. Now as in the proof of Lemma 13, ∂ − W m is a connected closed surface in X which has genus 2 in our current case and which must be compressible in X since M does not contain any closed essential surfaces. Compressing ∂ − W m in X, we get either one or two tori in X. Each such torus is either compressible and thus bounds a solid torus in X or is incompressible and thus parallel to one of boundary tori of ∂M. Therefore X contains at most two boundary components of M. A similar discussion works for X . Therefore M has at most five boundary components. But this contradicts to our assumption that n 6, thereby completing the proof of Corollary 4.
